The factorization theorem in decays of B (s) mesons to two charmed mesons (both pseudoscalar and vector) can be proved in the leading order in mD/mB and ΛQCD/mD expansion. Working in the perturbative QCD approach, we find that the factorizable emission diagrams are dominant.
I. INTRODUCTION
The hadronic decays of B meson are important for particle physics since they provide constraints of the standard model Cabibbo-Kobayashi-Maskawa (CKM) matrix, a test of the QCD factorization, information on the decay mechanism, and the final state interaction. The CP asymmetries, in which some of the hadronic uncertainties are canceled in their theoretical predictions, play an important role in the investigations of B physics. For the decays with a single D meson in the final states, only tree operators contribute, and thus no CP asymmetry appears in the standard model [1] . However, for decays with double-charm final states, there are penguin operator contributions as well as tree operator contributions. Thus the direct CP asymmetry may be present. Recently, the Belle Collaboration reported a large direct CP violation in B 0 → D + D − decay [2] , while BaBar reproted a small one, with a different sign even [3] .
What is more, large direct CP asymmetries have not been observed in other B 0 → D * + D * − decays [4] either, which have the same flavor structures as B 0 → D + D − at the quark level. Intrigued by these experimental results, many investigations on the decays of B to double-charm states have been carried out [5] [6] [7] [8] .
The theoretical study of hadronic B decays has achieved great success in recent years. Among them, the perturbative QCD approach (PQCD) is based on k T factorization [9] . By keeping the transverse momentum of quarks, the end point singularity in the collinear factorization has been eliminated. Since transverse momentum introduces another energy scale, double logarithm appears in the QCD radiative corrections. The renormalization group equation is used to resum the double logarithm, which results in the Sudakov factor. This factor effectively suppresses the endpoint contribution of the distribution amplitude of mesons in the small transverse momentum region, which makes the perturbative calculation reliable. Phenomenologically, the PQCD approach successfully predict the following: (1)the direct CP asymmetry in B decays [10] , (2)the pure annihilation type B decays [11] (3) the strong final state interaction phase and color suppressed decay amplitude in the B → Dπ decays [1] .
In charmless two-body B decays, the final state mesons can be considered as massless therefore both of the final state mesons are on the light cone. The collinear factorization can be easily proved in the heavy quark limit. For the decays with a single heavy D meson in the final states, one can still prove factorization [12] This paper is organized as follows. In Sec. II, we list the formalism, including the Hamiltonian, the wave functions of the mesons, the factorization formulae of the Feynman diagrams for B → P P decay mode, and the analytic expressions for the decay amplitudes. In Sec. III, the numerical results of the physical observables and discussions of the results are given. Sec. IV is a brief summary. The common PQCD functions, scales, and the factorization formulae of the Feynman diagrams for B → P V , B → V P , and B → V V modes are all put into the appendices for simplicity.
II. ANALYTIC EXPRESSIONS
In hadronic B decays there are several typical energy scales, and expansions with respect to the ratios of the scales are usually carried out. The physics with a scale higher than the W boson mass are electroweak interactions, which can be calculated perturbatively. The physics between the W boson mass and b quark mass obtain QCD corrections.
This correction is included in the Wilson coefficients of the four-quark operators in the effective Hamiltonian. The physics below the b quark mass is more complicated. We have to utilize the factorization theorem to factorize the nonperturbative contributions out, so that the hard part can be calculated perturbatively. In the PQCD approach,
we utilize the k T factorization [9] , where the transverse momenta of the quarks in the mesons are kept to eliminate the end-point sigularity. Because of the new transverse momentum scale introduction, double logarithms appear in the calculation. We resum these logarithms to give a Sudakov factor, which effectively suppresses the end-point region contribution. Thus the end-point sigularity in the usual collinear factorization disappears. This makes the perturbative calculation reliable and consistent. For decays with D meson in the final states, another scale m D is introduced. The factorization is proved in the leading order of the m D /m B expansion [12] , therefore, as it is done in the computation of B → DM and B →DM amplitudes [13] , we will work in the leading order m D /m B expansion.
For each of the diagrams in the following, we keep the contributions in the leading order of m D /m B . For example, in the B meson to two vector mesons decays, the leading order contributions of some transversely polarized amplitudes are proportional to r 2 (r = m D /m B ). Then we will keep the r 2 terms in these diagrams. While in other cases, the terms of r 2 are neglected because the leading order is lower than 2. Finally the amplitude for B → M 2 M 3 (M 2 and M 3 stand for two mesons) decay within PQCD approach is decomposed as
where k i (i = 1, 2, 3) are the momenta of the quarks in mesons which are defined explicitly in Eq. (10) . T H is the hard part that is perturbatively calculable. Φ B and Φ Mi (i = 2, 3) are the hadronic meson wave functions that are treated as nonperturbative inputs. The Sudakov factors e S(ki,t) (i = 1, 2, 3) are from the resummation of double logarithms .
A. Notations and conventions
The Hamiltonian referred to in this paper is given by [14] :
where V qb(D) and V tb(D) with D = d, s are CKM matrix elements. Functions O i (i = 1, ..., 10) are local four-quark operators :
• current-current (tree) operators
• QCD penguin operators
• electro-weak penguin operators
where α and β are color indices and q ′ are the active quarks at the scale m b , i.e.
The combinations a i of Wilson coefficients are defined as usual [15] :
We work in the light-cone coordinate, in which a vector V µ is defined as (
. We use M 2 to denote the charmed meson with a c quark and M 3 to denote the meson with ac quark. In this paper we work in the rest frame of B meson and define the direction in which M 2 moves as the positive direction of z-axis. Therefore the momenta of B (s) meson and two charmed mesons are defined in the light-cone coordinate as
where r i = m i /m B (i = 2, 3) and 0 ⊥ are zero two-component vectors. m 2 and m 3 are the masses of the two charmed mesons. One can find that our definitions of the momentums violate the on shell conditions. In the following calculations we will keep the contributions of each diagram to the leading power of r i (i = 2, 3). One will find that all the terms with a power of r i higher than 2 are dropped. At this accuracy level, the on-shell conditions can be satisfied. We use k 1 , k 2 , and k 3 to denote the momenta carried by the light quarks in B (s) meson and two charmed mesons. They are defined by
with x 1 , x 2 and x 3 as the momentum fractions.
B. Wave functions of B (s) mesons
The B (s) meson wave functions are decomposed into the following Lorentz structures:
Here, φ B (s) (k 1 ) andφ B (s) (k 1 ) are the corresponding leading twist distribution amplitudes, and numericallyφ B (s) (k 1 )
gives small contributions [16] , so we neglect it. The expression for Φ B (s) becomes
For the distribution amplitude in the b-space, we adopt the model function
where b is the conjugate space coordinate of k 1⊥ . N B (s) is the normalization constant, which is determined by the normalization condition
The B ± and B 0 d decays are studied intensively in PQCD approach [9] . With the rich experimental data the ω b = 0.40 GeV is determined for B meson. For B s meson, we will follow the authors in Ref. [28] and adopt the value ω bs = (0.50 ± 0.05) GeV.
In the heavy quark limit, the two-particle light-cone distribution amplitudes of
We use C D = 0. We simply follow the authors in Ref. [17] and adopt the same model as that of D meson for them
The mass difference of D (s) and D * In this subsection, we list all the amplitudes from the Feynman diagrams for M 2 M 3 |C i (µ)O i (µ)|B (s) up to the leading order, with M 2 and M 3 as two charmed mesons. According to their topological structures, the diagrams that contribute to the decays of B (s) to two charmed mesons can be divided into two types, the emission diagrams (see The amplitudes arise from all the possible Lorentz structure of the operators for factorizable emission diagrams are given as following, where a i denotes the Wilson coefficients and t is the scale.
• Factorizable emission diagrams for (V-A)(V-A) operator • Factorizable emission diagrams for (S-P)(S+P) operator
The amplitudes for the nonfactorizable emission diagrams in Fig.1 (c) and (d) are given as:
• Nonfactorizable emission diagrams for (V-A)(V-A) operator are
• Nonfactorizable emission diagrams for (V-A)(V+A) operator are
The first two diagrams in Figs. 2 and 3 are the factorizable diagrams for annihilation diagrams, whose amplitudes can be factorized as a B (s) meson decay constant and a form factor like structure between two charmed mesons. It should be reminded that, in the decays we considered, the factorizable annihilation diagrams can be divided into two types, depending on whether the quark propagator is a light quark propagator (see the first two diagrams in Fig. 2) or a c-quark propagator (see the first diagrams in Fig. 3 ). In calculation we keep the mass of the c-quark while the mass of the light quark is neglected and thus these two types of diagrams have different expressions. The amplitudes for the factorizable annihilation diagrams with a light quark propagator (the first two diagrams in Fig. 2 ) are given as follows:
• Factorizable annihilation diagrams for (V-A)(V-A) operator
The two terms of F LL a (a i (t)) give destructive contributions. Very little contribution appears when φ M2 and φ M3 are different from each other. Otherwise, F LL a (a i (t)) = 0.
• Factorizable annihilation diagrams for (V-A)(V+A) operator
• Factorizable annihilation diagrams for (S-P)(S+P) operator
For the amplitudes of the factorizable diagrams with a c-quark propagator (the first two diagrams in Fig. 3 ), we add the character "c" in the subscript to distinguish them from those with a light quark propagator. Because of current conservation, the factorizable annihilation diagrams of B → P P decay mode for (V-A)(V-A) and (V-A)(V+A) operators cancel each other. Amplitudes for these diagrams are given as follows:
Similar to the factorizable annihilation diagrams, the nonfactorizable annihilation diagrams are also divided into two types (see the last two diagrams of Figs. 2 and 3), depending on whether the cc are generated from the effective weak vertex. Because the c quark in the charmed meson carries most of the energy, these two types of nonfactorizable diagrams are expected to have different scales. Additionally, because the momentum fraction x i (i = 2, 3) is defined on the light quark in the charmed mesons, these two types of nonfactorizable annihilation diagrams also have different expressions. The amplitudes of the diagrams with cc pair generated from a hard gluon (the last two diagrams in Fig. 2 ) are given as
• Nonfactorizable annihilation diagrams for (V-A)(V+A) operator
• Nonfactorizable annihilation diagrams for (S-P)(S+P) operator
Similar to what we do with the factorizable annihilation diagrams, the amplitudes with cc pair from the effective weak vertex are also distinguished by adding the character "c" in the subscripts. Amplitudes for these diagrams (the last two diagrams in Fig. 3 ) are given by
E. Analytic expressions for the decay amplitudes
There are 10 decay channels for the B → P P decay mode, which can be divided into two groups: decays with both emission and annihilation contributions and pure annihilation type decays.
• Channels with both emission and annihilation contributions.
• Pure annihilation decays.
There are also 10 decay channels for each category of B → P V , B → V P , and B → V V decays. The decay amplitudes of the B → P V and B → V P modes can be obtained from the B → P P decays just by substituting the
The factorization formulae for these two decay modes are listed in Appendix B and C, respectively.
The amplitude of B → V V decay can be decomposed as
where A N , including the D wave and part of the S wave component, contains the contribution from the longitudinal polarizations A s and A p , corresponding to part of the S wave component and all the P wave component, respectively, which represent the transversely polarized contributions, and they have the following relationships with the helicity amplitudes (an i in the amplitude is dropped):
For each decay process of B → V V , the amplitudes A N , A s , and A p have the same structures as Eq. (36)- (44), respectively. The factorization formulae for the longitudinal and transverse polarization for the B → V V decays are all listed in Appendix D.
III. NUMERICAL ANALYSIS
The decay widths of B to two charmed mesons decays can be directly derived from the formulas of two-body decays in Ref. [18] . With the amplitude obtained in Sec. II, the decay widths for the B → P P , B → P V , and B → V P decays are given by
For the B → V V decays, the decay width is given by
The branching ratio is given by BR = Γτ B .
The key observables of the decays related in this paper are the CP averaged branching ratios as well as direct CP asymmetries(A dir CP ) and mixing induced CP asymmetries(A mix CP ). Readers are referred to Ref. [19] for some reviews on CP violation. First, we define four amplitudes as follows:
whereB meson has a b quark in it andf is the CP conjugate state of f . The direct CP asymmetry A dir CP is defined by
In neutral B meson decays, if the final states are CP eigen states f =f , the time-dependent CP asymmetry with mixing effects present, is defined by
where ∆M is the mass difference of B meson mass eigenstates. After some calculation, we can get the explicit expressions
Since the mixing CP violation in neutral B meson system is negligible in a good approximation, we have
Our results for CP averaged branching ratios and CP asymmetries are listed in Tables I, II , III, IV, and V. All the experimental data are from the Particle Data Group [18] except the ones marked with "BaBar" and "Belle". In Table   IV , we also list the ratios of the transverse polarizations R T in the branching ratios for B → V V decays, which is defined by
The first errors in our results are estimated from the hadronic parameters: (1) The decay constants of B (s) mesons: • , β = (21.58
The other input parameters are [18] G F = 1.16639 × 10
Because in the direct CP asymmetries the errors arising from the CKM elements are very small, we neglect them.
In the B → V V decays, the ratios of the transverse polarizations' contributions (R T )are not very sensitive to the parameters listed above. The next-to-leading order corrections on r occur at the r 2 = 0.13 order and thus the errors from the higher orders of r are very small except for R T . This is confirmed at the numerical calculations. Therefore we only keep these errors in R T and neglect them in other physical quantities. We will talk about the errors of these ratios later.
The first 6 channels in each of Tables I, II, III, IV Fig. 3 are softer than those in Fig. 2 . This indicates that the diagrams in Fig. 3 will give larger contributions than ... ... those in Fig. 2 . It is confirmed by our numerical results. However, these contributions are still much smaller than those from the factorizable emission diagrams. Thus, the branching ratios of the first 6 channels in Tables I, II, III, and IV are dominated by the factorizable emission diagrams.
Because the factorizable emission diagrams are dominate, the amplitude of the first 6 channels in each table should be nearly proportional to the product of a decay constant and a B → D transition form factor. Based on this physical picture, we can have the following simple conclusions: ... [28] . In [29] , the TABLE V: CP asymmetry and the ratios of P-wave contributions in branching ratios for B → V V decays. 3. The first 6 B → P P decays in Table I and the corresponding 6 B → P V decays in Table II have Thus their branching ratios should also be similar. However, such phenomena are not expected in B → V P decays and B → V V decays, because in addition to the longitudinal polarization's contributions, the B → V V decays also receive large contributions from transverse polarizations.
From Tables I, II , III, and IV, one can find that most experimental branching ratios agree with our conclusions in the above paragraphs very well within the errors. The authors in Refs. [26, 27] also investigate the decays of B to double charmed mesons under factorization assumption, but with different models. Their results also indicate that the factorization works well.
Since the direct CP asymmetry is proportional to the interference between the tree and penguin contributions [10] , it should be small because of the small penguin contributions as we mentioned above. Our numerical results indeed indicate that the direct CP violations are very small. A relatively large direct CP violation appears in the pure annihilation decayB 0 → D 0D0 and its corresponding B → P V , V P , and V V decays. However it is still only several percent. Although the experiments give somehow large direct CP asymmetry in some channels, the uncertainty is still large. Any large direct CP violation observed in experiments would be treated as a signal of new physics at first.
The mixing induced CP asymmetry in B decays is almost proportional to the sin 2β from Eq.(53), if we neglect the small contribution from penguin contributions. It should be mentioned that, experimentally the P wave component in the amplitudes of B → V V mode will bring systematic errors in the results of mixing induced CP asymmetry because they will bring a minus sign relative to the S and D wave component. Our results for A mix CP in Table V only  include the S wave and D wave contributions, and in this table we also give the values of R ⊥ , which is defined by the ratio of branching fractions with only P wave component and that with all the contributions. Because the P wave contributions are very small in the color allowed tree dominated processes, the experimental measurements are still in agreement with our calculations. For the pure annihilation processes, the P-wave contributions are relatively large and therefore these channels may not be good choices for the observation of mixing induced CP asymmetry.
In Table IV , we give the ratios of transverse polarizations' contributions in branching ratios. One can find that both in the processes with an external W emission and in the pure annihilation decays, the transverse polarizations take about 40% − 50% of the contributions, which agree with the present experimental data amazingly well. We should point out that these ratios are very sensitive to the terms with power r 2 (r = m D /m B ), although these corrections change the other observables only a little. With the r 2 corrections absent, the ratios of transverse polarizations for the channels with an external W emission are about 20%, and those for the pure annihilation channels are 0, because the transverse polarization's contributions for these channels are at the power of r 2 . For the sensitivity of these ratios to the power correction terms, we vary the variable r by 20% for an error estimation in Table IV . In [30] , the authors obtain the values for the ratios ∼ 50% for the external W emission processes simply by means of kinematics under the naive factorization, which agree with our results. For the pure annihilation decays, the transverse polarizations are suppressed by r 2 , which is the reason why the authors in [30] think the ratios of the transverse polarizations are very small. However, our calculation show that, with the r 2 terms included, these ratios increase to about 50%. This means that the polarization fractions are quite sensitive to the power corrections although they are not sensitive to the higher order QCD corrections etc. The future experiments will tell us more about the polarizations in the pure annihilation processes. Both pseudoscalar and vector charmed mesons are included in the final states. We find that the factorizable emission diagrams are dominant in the branching ratios. Most of our branching ratios agree with the experimental data, which means the factorization assumption works well. However, experimental data show that there are still some discrepancies, which means more work is needed both at the theoretical side and the experimental side.
Our results indicate that the direct CP asymmetries in these channels are very small. Thus, it will be a signal of new physics if a large direct CP asymmetry appears. In the decays of B to double vector charmed mesons, the transverse polarizations contribute 40% − 50% both in the external W emission processes and in the pure annihilation decays, which agree with the present experimental data. We should mention that the correction terms at the power of r 2 play an important role in transverse polarizations, without which the ratios for the external W emission processes decrease to about 20% and for the pure annihilation decays the ratios are 0 because of the r 2 suppression. The variables that are used to determine the scales and the expressions of the hard kernels are defined by
The scales are determined as
an = max{ |P an |f err , |P
with f err varies from 0.75 to 1.25 for an error estimation.
The functions of the hard kernels that appear in the factorization formulae are given by
and the functions that consist of coupling constant and Sudakov factors are given by
where
with the quark anomalous dimension γ q = −α s /π. The explicit form for the function s(Q, b) is:
where the variables are defined byq
and the coefficients A (i) and β i are
n f is the number of the quark flavors and γ E is the Euler constant. We will use the one-loop running coupling constant, i.e. we pick up the four terms in the first line of the expression for the function s(Q, b).
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Appendix C: factorization formulae for B → V P (M2 is a vector meson and M3 is a pseudoscalar meson)
Appendix D: factorization formulae for B → V V
Longitudinal polarization
2. Transverse Polarization
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